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Instability properties of interacting jets
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Two parallel circular jets, in inviscid incompressible flow, with uniform axial velocity
of the same magnitude and direction are placed near to one another, resulting in a
strongly coupled field. A given (small) wavenumber in the axial direction is taken
and a dispersion relation is found relating the frequency and wavenumber for a given
disturbance mode, along with the velocity potentials within and exterior to the jets.
The problem is tackled analytically using bipolar coordinates and asymptotic forms
for the dispersion relation are found in the small-separation and large-separation
limits. Results are then compared with the corresponding two-dimensional problem
for plane jets. It is concluded that close-proximity interactions greatly destabilize the
varicose mode of the coupled jet, and greatly stabilize the sinuous mode.

1. Introduction

Large-scale coherent structures are thought to play a significant role in noise
production and mixing of high-speed jet flows. There have been many studies of such
coherent structures from the experimental standpoint, both using signal processing
techniques to deduce evidence relating to coherent structures in turbulent flows in
‘natural’ conditions, and using low levels of external forcing to raise the coherent
structures above the background turbulence. From a theoretical standpoint it is
natural to approach the modelling of these structures through linear and nonlinear
analysis of instability modes developing on the profile of a laminar jet at low speeds
and on the mean profile of a turbulent jet at high speeds. Considerable progress
has been made in this modelling, using linear and weakly nonlinear analysis, for
parallel and weakly diverging flows. Many features remain as yet unaddressed by
such instability analyses, but there is much evidence to suggest that such analyses
are capable of revealing significant features of the coherent structures in appropriate
circumstances.

As an example of the features revealed by instability analysis, we quote the paper by
Crighton (1973), who examined the instability modes on a uniform profile of elliptic
section, attempting to model the jet used in the Concorde supersonic transport aircraft.
Analysis cannot be carried out for the flow conditions appropriate to the Concorde
case, but for incompressible inviscid flow, not inappropriate for long-wave modes,
the analysis showed that the growth rates of modes corresponding to motion in the
plane of the major axis of the ellipse were greatly reduced by ellipticity, while those
corresponding to modes in the plane of the minor axis were enhanced, compared
with a jet of circular section. Inferences were drawn relating such predictions to the
observed noise suppression capabilities of a nozzle producing a jet of elliptic section.

Here we want to address a problem in the same general class, and again one
originally motivated by considerations of the Concorde powerplants. In that aircraft,
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two engines are mounted under each wing, the two engines under a given wing being
placed rather close together, with separation between them of order a jet diameter. The
question is whether there are significant hydrodynamic couplings between the coherent
structures on the two jets, so that growth rates of one or other possible collective
coherent mode might be greatly suppressed by the interaction, and others greatly
enhanced. Some evidence of these possibilities was indeed acquired by Rolls-Royce
(private communication to Crighton in 1976) in the course of visualization studies
of coherent modes on a twin-jet model assembly. These studies were necessarily very
restrictive in configuration, but there was nevertheless clear evidence, in shadowgraph
and schlieren visualization, of the presence of vigorous large-scale collective motions
in which there was manifestly strong interaction between two jets.

Morris (1989) has analysed the case of two parallel jets of circular cross-section,
with compressibility effects included and with various models of the mean profiles.
His analysis was, however, restricted by its very nature to the case of weak coupling
between the jets, in that the separation of the jets was much larger than an instability
wavelength. This allowed the basic field of an instability mode on one jet to be
expanded in the far field in terms of the natural coordinates of the other, and used
as a forcing for modes on that jet, and vice versa. Tam & Seiner (1987) considered
the problem of twin supersonic jets also with a weak coupling, in a similar manner.
The model showed that kinematically two coupled modes can occur, namely modes
symmetric and anti-symmetric with respect to the mid-plane separating the two jets.
(In fact, see below, four distinct modes are kinematically possible, and have distinct
potentials; but there are only two distinct dispersion relations, corresponding to
the modes identified by Tam & Seiner.) Experimentally the symmetric mode has
been observed and is fully documented (Seiner, Manning & Ponton 1986), where the
question “why has the anti-symmetric mode not been observed?” was posed. The
current work may partially answer this question. We offer a different approach, which
is restricted in parameter range, but nonetheless capable of revealing the dramatic
effects of really close coupling between the jets. We take the case of two geometrically
close parallel circular jets, with separation of the same order as a jet radius, in
inviscid incompressible flow, with uniform axial velocity of the same magnitude and
direction in each of the jets. There are vortex sheet shear layers, of zero thickness,
at the jet boundaries, across which one imposes the usual conditions of continuity of
pressure and displacement. A given wavenumber in the axial direction is taken, and
a dispersion relation is found relating the frequency and wavenumber for a given
‘mode’, along with a description of the mode shapes within and exterior to the jets.
This is achieved by separation of variables in bipolar coordinates. However, to use
bipolar coordinates the problem must be two-dimensional in nature, and we therefore
have to invoke a long-wave assumption. This is not a severe restriction, because all
observations of coherent structures on jets indicate wavelengths at least several times
the jet diameter (though the assumption fails when the jets are very close together
because then the imaginary part of the wavenumber, giving the spatial growth rate,
becomes large). The long-wave approximation leads, then, to Laplace’s equation in
the variables in a plane normal to the jet axis, with no appearance of the axial
wavenumber there. The axial wavenumber does, however, make its appearance, to
leading order, in the vortex sheet boundary conditions. It turns out to be unnecessary
to go to higher than leading order to obtain significant results.

The ‘mode’ of collective oscillation of the two jets is specified by an integer n
which gives the azimuthal mode number in the bipolar coordinate system onto which
the physical jet configuration is mapped. It is only in the separable system that
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FIGURE 1. Polar coordinates (1}, 0;) measured from the jet centres.

one can isolate independent modes, one at a time. In the physical configuration, a
given bipolar mode corresponds to a certain distribution of geometrical azimuthal
modes on each of the jets. The dispersion relation relates the frequency @ and axial
wavenumber k (both possibly complex) and the integer n of a bipolar mode.

Analysis of the dispersion relation reveals two quite different types of behaviour.
In one, the jets oscillate symmetrically, in a varicose mode, as it were, in the plane
containing their axes, with mirror symmetry in the central plane. In addition, there
is also the possibility of symmetry or asymmetry normal to this plane. In the former
both jets execute a kind of pinching motion and in the latter a sinuous motion in
the direction normal to the plane containing their axes. For these varicose modes
we predict that close interaction greatly destabilizes disturbances. In the second type
of oscillation, the jets move together in a sinuous oscillation in the plane containing
their axes. In the direction normal to that plane the jets may again either execute
a symmetric or an anti-symmetric oscillation. For these sinuous modes the effect of
close interaction is predicted to be greatly stabilizing.

The corresponding two-dimensional problem is also treated very briefly, and similar
results are found. For both the plane jet and circular jet cases, we concentrate on
the physically relevant case of spatially growing as opposed to temporally evolving
instability waves.

The predictions of this analysis are very specific in qualitative terms, and should
be easily capable of confirmation on a suitable low-speed twin-rig jet, through the
use of appropriate acoustic forcing with the necessary phase control to produce the
required parity and phase of oscillation of the two jets.

2. Two interacting circular jets

We consider the problem of two parallel circular jets of uniform axial velocity
up in the positive z'-direction within a fluid of the same density at rest. The flow
is incompressible and irrotational, and so there exists a velocity potential ¢, which
satisfies Laplace’s equation throughout the fluid, and is determined by imposing the
usual conditions of continuity of pressure and displacement across the vortex sheet
shear layer at the jet boundaries.

It is assumed that the two jets have centres given by x’ = +h', y' = 0, with radii
v, = ag + d'fi(0;)exp(ik’'z’ —iw't’), where d' < ay and either the axial wavenumber k’
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or frequency '’ is considered as given (a dispersion relation between the two will be
derived later). Here (1, 0;) are plane polar coordinates measured from the jet centres,
as shown in figure 1, and all primed variables correspond to dimensional quantities.
The functions f;(6;) prescribe the perturbation to the boundary of the jets and will
be prescribed later in terms of Fourier components.

It is convenient to define non-dimensional quantities (without primes), where the
mean jet radius ay and the jet speed uy will be used as a characteristic length scale
and velocity respectively. Thus set

¢’ = aplp, ¥ = aori, N = aph,
k' =k/ag, o' = wuy/ay, t' = tay/ug, (2.1)
d = aa, x,y,z") = ap(x, y,z),

for i = 1,2. The two jets then have centres given by (x, y) = (£+h,0), and boundaries
ri =1+ afi(0;)e*",

for i = 1,2, where a < 1. This form for the boundary of the two jets suggests
introducing a reduced potential @(x, y), such that

¢ — ei(szwr)q)'
The potential @ then satisfies
0? 0? )
(0x2 + (7))2> O =k9. (2.2)

Considering only long-wave disturbances ( k'ay = k < 1), we may look for an
expansion of the form

& ~ Dy + 0(k?), (2.3)

so that with error O(k?), @ satisfies the two-dimensional Laplace equation everywhere.
It is shown in Appendix A, via a formal matching argument, that the form of
expansion assumed in (2.3) is the appropriate one, with no terms arising at O(k).

Rather than solve throughout the two-jet region, we consider only the jet in the
region x > 0 (with boundary r; = 1+ af(0,)e**="), and impose a symmetry
condition on the plane x = 0. We therefore introduce potentials @, and @, such that
Dy = O, + @, with 0®,/0x = 0 and &, = 0 on x = 0. The even potential @, will be
referred to as the varicose mode, and the odd potential &, will be referred to as the
sinuous mode. It is convenient to denote the jet region r; < 1 as V; and the jet-free
region ry > 1, x > 0 as V3, and correspondingly for the potentials.

Both &,; and &; satisfy Laplace’s equation

V:oy; =0 inV, (2.4)

for i = 1,2 and X denotes either the varicose or sinuous mode (X = v,s). Applying
the continuity condition to the displacement of the boundary gives the boundary
conditions as

0Dy, /0r) = —iawf(0;) onry =1,

for the potentials inside and outside the jet respectively. The symmetry condition is
applied on the plane x = 0, and takes the form

09, /0x =0, b, =0, both on x = 0. (2.6)

dbx1 /0 = ialk — 0)f1(6)  onr =1, } (2.5)
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Finally, to determine the potentials @, and & uniquely it is assumed that @y, is
regular in the jet region, and that @y, — 0 in the far field.

Once the function f(0;) is prescribed, equations (2.4), (2.5) and (2.6) then determine
the harmonic functions @,; and @ everywhere uniquely. However there is also a
dynamical condition, which arises from the continuity of pressure across the vortex
sheet, and takes the form

(k — CO)@)“ = _(U¢X2 onry = 1. (27)

When applied to the already fully determined modes (varicose or sinuous), this gives
rise to a dispersion relation between non-dimensional wavenumber k and frequency
.

In general the function f;(6;) may be described in terms of its Fourier series,

0 o0
fi(01)) = aycosnd; + Y b, sinnb;.

n=0 n=1

To aid the clarity of the analysis we consider the even and odd modes in 6, separately.
Thus for the two types of motion — varicose and sinuous — one must also consider
the effect of a perturbation to the jet boundary which is either symmetric or anti-
symmetric about the plane y = 0, culminating in four possible motions: symmetric
varicose, anti-symmetric varicose, symmetric sinuous and anti-symmetric sinuous, as
represented schematically in figure 2(a). Here the direction of the arrows indicates
the displacement at the boundary surface. This becomes clearer if one considers a
side view of the two jets, as shown in figure 2(b) for the anti-symmetric sinuous and
varicose modes. The analysis for all four possible motions is similar, and thus for
definiteness we concentrate on a single mode, taken here to be the anti-symmetric
sinuous mode. We drop the suffix X = v,s notation, and denote the corresponding
potential by @; in the region V.

2.1. The anti-symmetric sinuous mode
The anti-symmetric sinuous potentials satisfy Laplace’s equation
Vi, =0 in regions V; and V5, (2.8)

and the perturbation function f1(6,) is taken to have the form of a single odd mode,
namely

f1(01) = sinmb, (2.9)
where m is a given positive integer. The boundary conditions are then given by

0P, /0r; = ia(k — w) sin mb; onr; =1_, (2.10)
0D, /0r; = —iaw sinmb); onr; =1, ’
together with the conditions
b, =0 onx =0,
b, -0 as r; — oo, } (2.11)

and &, regular in the jet region.
Regarding the (x,y)-plane as the complex Z-plane, the problem can be solved
exactly by the method of geometrical inversion. Introducing the conformal mapping

{=C+in=1/(Z + ), (2.12)
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FIGURE 2. (@) Symmetric (S) and anti-symmetric (A-S) varicose and sinuous modes. (b) Side-view
of anti-symmetric sinuous and varicose modes (- - - back; — front).

where

a = (h*—1)"2 (2.13)
we map the x = 0 plane and the jet boundary r; = 1 onto the respective concentric
circles | { — (2e)™! |= 2u)~! and | { — 22)~! |= (2u(h + «))~! in the {-plane, with
centres at (&,7) = (1/(20),0) and radii 1/(2«) and 1/(2a(h + @)). Let (0,) represent
polar coordinates in the inverted system, based at (&, ) = (1/(2x),0), and set

o1 = 1/Qa(h + )) and o, = 1/(2a),

as shown in figure 3. The coordinates (0,4) are in fact equivalent to the bipolar
coordinates that arise when mapping coaxial circles in the (x, y)-plane to concentric
circles in the (&, #n)-plane, under a suitable transformation of curvilinear coordinates
(see Morse & Feshbach 1953), and will be referred to as such. Region V| now
corresponds to 0 < ¢ < g; and region V, to o1 < ¢ < g, and we continue to use the
V; notation in the {-plane.

2.1.1. Solving for the potential ®; in bipolar coordinates
In terms of bipolar coordinates the problem (2.8) then becomes

V0, =0 in0<o<o;ando; <o <oy, (2.14)
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with @, regular within V;. From equation (B3) in Appendix B, it follows that the
perturbation to the jet boundary can be expressed in bipolar coordinates in the form

m q
: m m m— m— aq :
Sin m@l E E - C ( 1 q(OC + h) pm Sin p;\, (215)
q=0 p=

The boundary conditions on r; = 14, given in equation (2.10) above, can then be
expressed in terms of bipolar coordinates in the form

0P, — sin p/
G = —2ia(k — w)o (h+a)§ngu’"pq(h+cosi)q+l ono=oi, o6
2.16
0P, ., g sin pA
§=21aa)oc (h+d)q§p§0ﬂmpq(hw)w on o =04,
where
Umpg = "Cq 1C,(—=1)"" T (o0 + h)"P. (2.17)

The symmetry condition on x = 0 is now
&, =0 on o =a, (2.18)

with &, — 0 as (o,4) — (1/(2a), ) (to satisfy the far-field condition). The consistency
condition, arising from continuity of pressure across the vortex sheet, still has the
form

(k— )P = —0,, (2.19)
but is now applied at ¢ = g1 = 1/(20(h + a)).
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Evidently @; must be of the form

Gy =) A,0"sinni. (2.20)

n=1

Applying the boundary condition on ¢ = ¢;_ (equation (2.16)), and inverting the
series, gives

ia(k — o) (2a(h + 2))" o &
An— ( )( ( ) ZZMMM npq- (221)

Here the integral J,,,, is given by
o " sinnAsin pA
" | (h 4 cos A)at]

and is evaluated in Appendix C (equation (C6)). Thus the anti-symmetric sinuous
potential is given in the jet region by

_laz Z Z g Z(k _ (W) Jrpq SinRA. (2.23)

q=0 p=0

(2.22)

The potential @, is harmonic in oy < ¢ < 0,, vanishes on ¢ = o, = 1/(2«), and has
a normal derivative which is an odd function of A on ¢ = ¢,. Therefore the solution
in ¥, must be of the form

b, = X:A,, ((200)" — (200)™") sin nA. (2.24)
i

Notice that this automatically satisfies the far-field condition. Applying the boundary
condition on ¢ = ¢, (equation (2.16) above), and inverting the series, yields

m

iawo(h — a)"
A= (1 + (h — 2)) > Z HompgTupg- (2.25)

q=0 p=0

Thus the anti-symmetric sinuous jet-free-region potential takes the form

h— .
_ lax Zzﬂmm Z i 1‘”4: = )2") Jpg {206)" — (2u0) ™y sinni.  (2.26)

q=0 p=0

The consistency condition arising from the continuity of pressure takes the form
given in (2.19). Substituting for the potentials ¢, and @, reveals a dispersion relation
which relates the non-dimensional wavenumber k to the frequency w, through the
mode number n of a bipolar mode. In fact, despite the apparently complicated nature
of the potential solutions, the dispersion relation is found to have the surprisingly
simple form

1—(h= “)2n> (2.27)

=or =0 (=0

where 2h is the jet-centre separation and o = (h*> — 1)V/2,

At first sight it appears surprising that the mode number n of a bipolar mode
should arise in the relationship, since this has no physical significance. However it
is demonstrated in Appendix B (B 3) that a single mode of perturbation to the jet
boundary is necessarily described by all modes (of the same parity) when represented
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in terms of bipolar coordinates. This, coupled with the fact that the problem is only
separable in bipolar coordinates, implies that a dependence on the bipolar mode
number n should be expected. This may be contrasted with the problem of a single
jet, where the problem is separable in terms of the Fourier modes themselves, as
shown in Appendix D.

2.1.2. The symmetric sinuous mode

One may readily repeat all the above analysis for the symmetric sinuous mode,
where f1(0;) = cosmf;. Then it is found that in V7 the potential takes the form

_ laa Z Z o Z(k _ MIW cosni, (2.28)

q=0 p=0

and in V>,

m

‘ h—
‘j’:‘ ST g Z " 1“1 = oc)z") Ly {2uo)" — (2uc) "} cosni,  (2.29)

q=0 p=0 n=1
with p,,, as in equation (2.17). Here the integral I,,, is given by
™ cosnldcospl
I, = 1R ———di ], 2.30
P =0 e( . (h+ cos Ayt ) (230)

and is evaluated in (C5). Applying the vortex sheet condition on the surface ¢ = gy,
it is found that the symmetric sinuous mode must also satisfy the dispersion relation
(2.27) above. That is, symmetry about the y = 0 plane does not affect the dispersion
relation, even though the potentials are somewhat different in nature.

2.2. The varicose mode

Following the same procedure one can determine the varicose modes (symmetric and
anti-symmetric). It is found that the symmetric varicose potential is given by

=Co+ % Z Z Himpg Z = w)(za(h £y cosni,

quO n=1

1a(x w h
ZZumqu ip ( zn) Lpg {(220)" + (220) "} cosni 4 (231)
q=0 p=0 n=1
21aoc B w(h —a)"(—1)"
2 Zm’

q=

and the anti-symmetric varicose potential by

laa Z Z mpq Z (k a))(2<x(h + o())" npq ln ni

q 0 P 0 nwl (h )’ (232)
1aoc w(h— o) " v
qg - pg - Hinpq E -~ mjnpq {(20(0) + (20(0') } S n;s,.

Here C, is a constant term. Applying the vortex sheet pressure condition it follows

that
iao x© ( l)n Z(h . oc)”
- T Z (k — w)2(1 — (h — a)?m) Z Z HmpgTnpgs (2.33)

n=1 q=0 p=0
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from the n = 0 term, and both modes must satisfy the dispersion relation

s o1+ (h—a)™
(k — CO) = —w (1—(]’1—0()2"> ) (234)

for n = 1,2,3,.... The dispersion relation (2.34) should be compared with that in
equation (2.27) for the sinuous modes, and it is readily seen that the n-dependent
factors on the right-hand sides are the reciprocals of each other. Again it is noted that
the non-dimensional wavenumber k and frequency w are related through the bipolar
mode number n.

2.3. Stability analysis

Introducing
1—(h—o) 1+ (h—a)*
ri=——"——, rn=—————7F 2.35
Sl (h—a) 1—(h— o) (235)
the dispersion relations (2.27) and (2.34) may be cast in the single form
(k —w)* = —w’T'y, (2.36)

where X = s,v and relates to sinuous or varicose respectively, and we note that
r,>1>Tr, (2.37)

For a given real frequency (2.36) may be solved for wavenumber k (complex in
general) in the form

k=ow(l+i(I'y)"?), (2.38)

and thus the spatial growth rate of the instability is given by w(I'y)"/?. It is shown
in Appendix D that for a single jet the growth rate of instability is given by o (for
long waves). Therefore the inequality (2.37) implies that the effect of placing two jets
together enhances the instability of the varicose mode but stabilizes the sinuous mode,
when compared with the single-jet result. But when the jets are far apart (h > 1), it
follows that

'y ~1 and (k —w)* ~ —w?, (2.39)

which is the expected result for a single jet with small wavenumber (equation (D 7)
in Appendix D).

It is more interesting to examine the behaviour when the jets are very close together;
thus, introducing a parameter p, with h = coshu and o« = sinh i, I’y and I', are then
given by

I's = tanh ny, I', = cothnpu. (2.40)

If we set h = 1+ 9, with § < 1, so that the two jets are very close, it follows that
1= (26)"/2, and for bipolar modes with n < 1/(25)"/? that

1

FS ~ 26 1/2 FL‘ ~ —
n( ) > n(25)1/2

(2.41)
Therefore, the varicose modes (with n < 1/(25)!/?) are greatly destabilized, whereas
the sinuous modes are almost completely stabilized. For mode numbers with n >
1/(26)"/2, cothnu ~ tanhnu ~ 1, and we recover the single-jet result, as given above
in equation (2.39). That is, it is only the lower modes that ‘feel’ the presence of the
other jet.
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FIGURE 4. Instability growth rate factors I'y(h) and I',(h) for modes n = 1,2,3,4,5.

This may be explained geometrically if one considers the effect of setting h = 149,
with § < 1, in the bipolar coordinate plane. Then we find that o; ~ g, ~ 1/(2(28)"?),
so that both the jet region and jet-free region become large. However the difference
between their radii is finite,

o—0o1~1 for d < 1. (2.42)
The wavelength 4, of the nth bipolar mode, on the jet surface is given by
T
Iy~ ———. 243
n(20)4/2 (243)
Notice that when
> 1/2, ie. n(20)? < 2m, (2.44)

the wavelength of the nth bipolar mode is much larger than the separation of the
jet surface ¢ = oy from the ‘wall region’ ¢ = 0, and we have a strong interaction
between the two jets, as expected. Conversely, when the wavelength is much smaller
than the separation, the modes do not see the ‘wall region’ and there is no interaction.
Figure 4 shows a plot of the factors I'y and I', for the first five bipolar modes,
against separation function h. As h increases, we approach the single-jet result, as
predicted. It is clearly seen that suppression or enhancement of instability becomes
more noticeable for small values of h, with dominant contributions coming from
the lower mode numbers. However, within the varicose mode growth rate, there is a
restriction on how small & — 1 can become, due to the long-wave assumption. In fact

the condition k < 1 requires wl’ L.l /2 < 1, so that
w? < n(20)"? < 2n (2.45)

is required, if the varicose growth rate is to remain finite as h — 1. There is no
such restriction on the sinuous mode growth rate. This suggests that when the jets
‘closeness’ is O(w*) a more thorough analysis of the varicose growth rate would
be required and this is simply impossible as the three-dimensional Laplacian is not
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\

Jet-free region V3

FIGURE 5. Two interacting plane jets.

separable in cylindrical bipolar coordinates. With this in mind we therefore now
consider the analogous two-dimensional problem of a pair of plane parallel jets.

3. Two interacting plane jets

Consider the two-dimensional problem analogous to that studied in §2, so that the
jet motion is in the (), z')-plane. It is assumed that we have a pair of plane jets of
constant velocity ug in the positive z’-direction, where the mid-point of the two jets
has separation 2k’ and each jet is of width 24/, as shown in figure 5.

Without loss of generality we may assume that the jet boundaries are given by

y/ — i(h/ +a/ +a/zei(k’z’7w’r/))’ yl _ i(h/ _a/ _’_a/lei(k/zf,w/z’)) (31)

where k' and ' are the wavenumber and frequency, as before, and a; < d, for
i = 1,2. As with the case of circular jets, we may impose a symmetry condition on
y' = 0, and solve for a single jet in )’ > 0 in the form of a varicose mode (with
potential ¢, satisfying d¢ /0y’ =0 on y’ = 0) and a sinuous mode (with potential ¢/
satisfying ¢, = 0 on y’ = 0). The problem may be non-dimensionalized in a similar
manner to §2 where the jet half-width &' is used as a characteristic length scale. The
jet boundaries are then given by

y = h 4 1 4 azei(kz—(uz), y = ]’l _ 1 4 alei(kz—wt)’ (32)

where h > 1, and a; = d;/a’ < 1. The flow is incompressible everywhere and so
the potentials ¢y, X = v,s, are harmonic functions. Thus introducing the reduced
potentials @x(y), related to the total potential ¢x(y,z,t) by

¢X(y> z, t) = @X(y)ei(sz(l)l)’
it follows that

2
(52 —k2> &y =0  fory>0. (3.3)
y

Applying the vortex sheet boundary conditions on the jet surfaces leads to two
equations involving arbitrary a; and a,, and it follows that the varicose mode satisfies
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the dispersion relation

4
(k — o) + w*(k — w)? coth 2k <coth k(h—1) + ’;) + “|)k’|‘ cothk(h—1) =0, (3.4)

and the sinuous mode satisfies

4
(k — w)* + w*(k — w)* coth 2k <tanh k(h—1) + ’;) + ‘fk"‘ tanhk(h — 1) =0. (3.5)
The possibility of complex k is allowed in these equations by the understanding that
| k| is to be interpreted as k sgn(Re(k)). If we consider the limit & — 1, so that the
two jets meet and become one, the dispersion relations above reduce to

(k —w)*coth |2k| = —w?> and  (k —w)*tanh|2k| = —w?, (3.6)

which are the dispersion relations associated with the respective varicose and sinuous
modes of a single jet of half-width 2 (Crighton 1992). The above analysis is valid for
all wavenumbers k, but to compare the results with the circular-jet problem of §2 we
seek the long-wave approximation (k < 1) to the dispersion relations (3.4) and (3.5)
above. We consider the limit k < 1 in the varicose dispersion relation (3.4), and look
for the possibility of a mode with k ~ w” for some < 1 (so that k > w). Then it
follows that f = 1/2, and that

172
o'/ in(2n+1)/4 (3.7)

k~———— ,
(2(h — 1))/
for n = 0,1,2,3. Thus for h — 1 of order unity and k,ow < 1, the varicose mode
grows like w!/?. Note that for h — 1 ~ O(w?), k in equation (3.7) becomes an
order-one quantity and a more thorough analysis is required to take account of the
non-uniformity associated with (3.7). If one then writes h — 1 ~ Cw?, it follows that

k~o(lxilol'?), (3.8)

so that the growth rate is now proportional to w*?, and is not singular as is suggested
by (3.7). The result (3.8) is the long-wave limit associated with the varicose mode
dispersion relation of a single jet, as given in equation (3.6) above, which may be
expected to arise when the jets are near to one another.
Proceeding in a similar manner for the sinuous mode with k < 1, it follows that
the dominant mode is given by
@)

k ~ (Z)m (=1 4137, (3.9)

for all values of h (assuming k(h—1) < 1, as usual). This is the expected result for the
long-wave limit of the sinuous mode of a single jet as given above in equation (3.6).
That is, even when h is of order unity, the jet separation does not affect the dispersion
relation for a single jet, quite unlike the varicose mode result given in equation (3.7).

It therefore appears that for separations h— 1 of order unity, the varicose mode has
the dominant growth rate (w'/? as opposed to the w?*/? of the sinuous mode), which is
analogous to the results of §2 for two parallel circular jets. However, when the jets are
brought very close together, the sinuous mode retains the growth rate proportional to
w?3, whereas the varicose mode growth rate is reduced significantly to the single-jet
result of O(w?/?). These results should be compared with those of the circular jets and
in particular the apparent singularity that arises in the varicose mode growth rate as
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h — 1; and this suggests that to avoid the singularity in the varicose mode a more
thorough analysis of the full three-dimensional problem is necessary. Unfortunately
this is permanently beyond reach, other than through numerical studies.

4. Conclusion

The problem of the instability of two circular jets of uniform velocity is, in general,
too difficult to solve analytically, using existing techniques. Instead previous work has
generally concentrated on a numerical approach (see Morris 1989) with analytical
results given only for the case of weakly interacting jets, where the separation is
larger than a typical wavelength of the medium. We have opted for a different
approach, which is more restrictive in parameter range, by considering only long-
wave perturbations. As mentioned previously, this is not as restrictive as it may first
seem, because all observations of coherent structures on jets indicate wavelengths
at least several times the jet diameter. Also this analysis has the added effect of
permitting a strong coupling between the two jets, where they are geometrically
close (i.e. well within an axial wavelength of one another), which was necessarily
absent from previous work in the area. By invoking the long-wave approximation the
problem may be solved exactly by using a conformal transformation (or equivalently
bipolar coordinates). The solution may be decomposed into a varicose and a sinuous
mode with additional symmetry properties about the plane y = 0. The potentials are,
in general, very complicated functions, given in the form of infinite series in bipolar
coordinates (equations (2.23) et seq.). However the resulting dispersion relation has
the surprisingly simple form

(k —w)* = —w’T'y, (4.1)
where
_ _ ~)2n _ ~\2n
= M, L = M’ (4.2)
14+ (h—a) 1—(h—oa)

and the suffices refer to sinuous and varicose as usual. The parity about the plane
y" = 0 does not affect the form of the dispersion relation; it is only the parity about
the plane x’ = 0 which matters (though parity about the plane y’ = 0 does affect the
form of the potentials in a significant way).

The key results of the paper are (4.1) and (4.2) above, and it is noted that the
bipolar mode number arises naturally within the dispersion relations. This reflects
the fact that a single physical perturbation mode €™’ corresponds to an infinite
number of bipolar ‘unphysical’ modes, but the problem is only separable in the latter
coordinates. On analysing the stability of the various modes it was shown that the
presence of the second jet greatly enhances the spatial-instability growth rate of the
varicose mode and suppresses the sinuous growth rate, when compared with the
results for a single jet. This provides a possible answer to the question posed by
Tam & Seiner (1987), as to why the varicose mode and not the sinuous mode has
been observed experimentally. Indeed the current work suggests that it is not the
subsonic or supersonic nature of the jets that is responsible for the observed effects,
but rather inertial instability and a particular geometrical configuration. The effect
of the change in growth rates increases as the jets are brought closer together, and
indeed it appears that the varicose mode is arbitrarily rapidly amplified when the
jets are very close together, while the sinuous mode is arbitrarily slowly amplified.
However a comparison with the analogous two-dimensional plane problem suggests
that the singularity in the varicose growth rate must be limited due to a restriction on
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how small h — 1 can become. For plane jets it was found, for separations of the jets
of order unity, that the varicose mode again dominates the sinuous mode instability
growth rate. However when the two jets are close together there is a boundary layer
effect in the dispersion relation for the varicose mode, and the results obtained for
separation of order unity are not uniformly valid. When this is analysed in more
detail, it is found that as the plane jets become very close (separation O(w?)) the
varicose growth rate is significantly reduced and now the sinuous mode dominates.
The circular jets results therefore may suggest a similar type of boundary layer effect
arising for separation O(w*) , and this is likely to require a complete analysis of
the full three-dimensional dispersion relation, which is, unfortunately, permanently
beyond the scope of analysis. However for reasonable values of h — 1 (> w? for
plane jets, and > o* for circular jets), both models predict the varicose mode as
having the dominant growth rate. In fact the circular jets have to be much closer
to one another, separation O(w?), than the plane jets, separation O(w?), before the
singularity in the growth rate is reached. One reason for this must be the difference in
geometry for small separations. As the two circular jets are brought closer together,
they meet along a line of contact as opposed to the planar case where the jets meet
at a plane of contact. It could also be argued that, when the jets become too close
the model is inappropriate as it stands, and one should include additional effects
such as viscosity if a physically realizable conclusion is to be obtained. Finally it
is interesting to note that for reasonable values of the separation both plane and
circular jet varicose growth rates have a similar dependence on h — 1, in the form
(h—1)~"4 but the planar case is more unstable with growth O(w!/?), compared with
O(w) for the circular case.

Support for the DAMTP programme in acoustics, structural dynamics and wave
theory provided by the US Office of Naval Research (Dr G. L. Main) is gratefully
acknowledged.

Appendix A. A matching problem in potential theory

Here we demonstrate the correctness of assuming an expansion of the form @ ~
@, + O(k?), and in particular ignoring eigensolutions of O(k), in the twin-jet problem
of §2, via a formal matching argument. Using the axial wavenumber k as a small
expansion parameter gives rise to a singular perturbation problem where the inner
field (with inner potential @) must be matched to an outer field (y say) which has
variables scaled on the wavelength of the perturbation. If (x,y) are inner variables
scaled on the jet radius then we define outer variables by (X, Y), so that

(x,y) =k Y(X,Y) with k < 1, (A1)
and
D(x,y,k) = (X, Y, k).

The two solutions ¢ and y may then be matched accordingly using Van Dyke’s (1975)
matching principle,

@(m,n) — X(n,m)’ (A 2)
for all integers m, n, in the notation of Crighton & Leppington (1973) and Van Dyke
(1975).

We proceed by looking for an inner expansion of the form & ~ @&y + k®d;. The
potential @, was determined in §2. Ultimately it is the far-field behaviour of the inner
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solution that is necessary for matching,

cosf sin 0

o= A +B

+0(1/r*)  forr>1. (A3)

Here (r,0) are plane polar coordinates measured from the origin of the (x, y)-plane,
(r* =x*+y% 0 =arctan(y/x)), and 4 and B are given by

41aoc2 G - (o —
Z Hmpg Z (1 T(h— OC)2;11”1"1)
mp Oq n= lﬂ (A 4)
41aoc (o —h)" J
T Z > g D T—(h—y )
q=0 p=0 n=1

and arise from the symmetric sinuous and anti-symmetric varicose modes, respectively.
Therefore, the leading-order inner potential is O(k) in the far field and from the
matching principle (A 2) the leading-order outer field y must also be O(k).
Substituting the expansion for @, into equations (2.2), (2.5)-(2.7), the potential @,
1s harmonic, with zero normal derivative on r; = 1, and zero normal derivative or
zero potential on x = 0 (symmetry condition). In addition, since @, is O(k) in the
far field, it follows (see Crighton & Leppington 1973) that &; can only be O(1) in
the far field. In the bipolar coordinate system, @; is harmonic in 0 < ¢ < g,, with
0®1/00 =0,0on 0 =0, and 0®/do =0 or &; =0, on ¢ = a,. The far-field condition
also requires ®; = O(1) as (4,0) — (1/(2w), ). It transpires that the only possibility is

D = Cy, for o < gy, and & = Dy, for o <o <oy, (A 5)

where Cy and D, are constants related via the vortex sheet boundary condition on
0 =20y,

(k — C())C() = —(,Z)D().

The constant Dy holds in the jet-free region, and thus in the far field, and so may be
determined by matching with an outer solution. Thus to O(k) the inner potential @
has the far-field form

@V = (Acos O + Bsin0)/r + kD, for r > 1, (A06)

in terms of the inner variables (7, 0).
The leading outer potential y satisfies the modified Bessel equation

(V2= 1)x(R,0) = 0. (A7)

In terms of outer coordinates the geometry of the jets no longer appears and
the boundary conditions are now replaced with an equivalent matching condition.
Substituting for »r = R/k in equation (A 6), it follows that

peay :k((ACOSG—i-BsinB)/R—I—Do). (A8)

Applying the matching condition (A 2) with m = n = 1, and using the fact that y
satisfies the modified Bessel equation, it follows that

% ~ k(g1 cos 8 + ¢, sin 0) K, (R) + O(k?), (A9)

and that
LD — (g1 cos 0 + g, sin 6) /r. (A 10)
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Equating (A 8) to (A 10) determines all the coefficients in the form

Dy =0, q =A, and q» = B. (A11)
Thus to leading order the outer potential y is given by
s ~ k(A cos0 + Bsin0)K(R), (A12)

and there is no term at O(k) in the inner expansion (since Dy = 0 = Cy =0 = ¢; = 0).

Appendix B. Expansion of a single mode of the form ¢! in bipolar
coordinates

In order to evaluate the integrals I,,, and J,,, in §2, it is necessary to expand e
in terms of coordinates (o, 4), evaluated on ¢ = o (corresponding to r; = 1). From
equation (2.12) it follows that

, 1
el =z—h=Z—(fx+h),

and hence

) m 1 q
elm01 — me <> —1)y"r4 O(+h qu’ B1
; o (g) GO (B1)

where "C, are the usual binomial coefficients. On ¢ = o,

1 alh4o+e)

{ h+cos i
and applying the binomial expansion again, it is found that
1\? o4 d »
_ — q h 4—Pe—ip B2
(C) (h+cos;u)q;0 Cp (h+a)iPe (B2)

We keep the factor 1/(h+ cos 4)? in its unexpanded form since this arises naturally in
the integrals I,,, and J,,,, in equations (2.30) and (2.22). Combining (B1) and (B2)
reveals that a single Fourier mode on r; = 1 takes the form

m q q

imby __ m q —1y"4 m—p o —ip/l. B
e > "G (—1)" o+ h) T Foos i (B3)

q=0 p=0

If we were to expand the denominator further, it follows that a single mode in the
physical plane actually corresponds to an infinite number of bipolar modes.

Appendix C. Evaluation of the integrals I,,;, and J,,,

In order to determine the coefficients of the potential &, in §2 it is necessary to
calculate integrals of the form

T

cosnicospi .,
lyy= | —mM8 1
" (h 4 cos )i+t & 1)
and
i sinnAsin pl |,
Tupg = b (C2)

(h 4+ cos A)2+! &

—T
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Consider, for definiteness, (C 1). Introducing N =n+p and M =|n—p]|, (C1) may

be re-written as
T iNA iMA
+e
I, 1 e Te ]
pq = 3R€ ( | it cos di (C3)

Writing z = e reduces this to an integral around the unit circle ¢, in the form

ZN+q +ZM+q d
z
o (z—zp)t(z — 2ot

Lyg = —1iRe <24+1 (C4)

where
z, =o—h, z_=—(a+h),

and o = (h*> — 1)'/? as before. Thus only the pole at z = z, contributes to (C4).
Applying Cauchy’s Residue Theorem gives

Ly = % zq: n+p+ch7r q+,lcq(_1)rw_(2}2;+p+r
ocq+1 Z "IHIC, L, TTCy(—1) W (C5)

The integral J,,, may be evaluated in a similar manner, and it is found that
_% zq; e Hrc‘f(_l)rw_(zha);w (C6)

Appendix D. Single circular jet

For completeness we give the solution for a single circular jet of uniform axial
velocity u. It is assumed that the jet boundary may be described in a similar manner
to that of §2, so that the free surface has the form r = 14 af(0)e'**~*". Here (r, 0) are
plane polar coordinates measured from the centre of the jet and all variables have
been non-dimensionalized as before. The function f(0) is taken as a single mode e
and we may then introduce the reduced potential @, related to the full potential ¢ via

$(r,0,2,1) = d(r)eiheortn), (D1)
Following the procedure adopted in §2, the reduced potential satisfies
6 () 8(15 )0
throughout the entire region, and must satlsfy the boundary conditions
0P o .
= ia(k — w), — = —law, (D3)
or or

on r = 1_ and r = 14, respectively. If we denote the jet region (r < 1) by V7,
with corresponding potential @, and the jet-free region by V,, with corresponding
potential @,, it is easily shown that

ia(k — w) iaw

KRRk and 0= =g l(k ). (D4

1=
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Here K,,(x) and I,,(x) are modified Bessel functions of integer order which are
respectively bounded at infinity and regular at the origin. There is also the vortex
sheet pressure condition on the jet boundary,

k—w)P; = -0, onr=1, (D5)
and this leads to a dispersion relation relating k and w in the form
LKL (1K) Lk )

Kn(lk1) 15,(1k )

In order to compare results with the twin-jet problem in §2 we need the long-wave
limit of equation (D 6) above, and we find

k—wf ~—w® fork<1. (D7)

k—wP=w (D6)

That is, the long-wave limit for a circular jet of constant strength actually gives rise
to the dispersion relation for a plane vortex sheet of constant strength. In the above
complex k is catered for by the convention |k |= sgn (Re(k)).
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